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Interaction and disorder :
Light scattering by cold atoms:
Localization and Cooperative Scattering

Robin KAISER
Nice, France

\ Qfg“f’.‘f'??/of,ﬁ;p e RXCAAY I

- N @y o QM FAPESP PhoQuS  erc
& Casedee
ﬁ 9 Col .)pt Rhomar G 1 Antipol «L:JS'TlgEDFisz'EE CN q @ QUANTUM ititirs:

MARIE CURIE




Lecture 1 : mMultiple Scattering of Light in Cold Atoms

Steady State Results : Ohm’s Law for Photons
Time dependent scattering : radiation trapping
+ Numerical Random Walk Simulations

Lecture 2 : Interference Effects in Light Scattering by Cold Atoms

Coherent Backscattering of Light by Cold Atoms
+Numerical Simulations with Weak Localization Corrections
Dicke Super- and Subradiance

+Numerical Simulations with Coupled Dipoles

L_ecture 3 : Anderson Localisation of Light

Anderson Lattice Model

Effective Hamiltonian Approach

Scalar vs vectorial light : red light for Anderson localization
Outlook : towards localization of light in cold atoms

Link to Mathlab codes :
http://www.kaiserlux.de/coldatoms/LesHouches2019Kaiser.html



_ecture 3 : Anderson Localisation of light

3.1 Anderson Localisation

3.2 Effective Hamiltonian Model

3.3 Scalar vs vectorial light : red light for Anderson localization
3.4 Routes towards Anderson localisation



PHYSICAL REVIEW

VOLUME 109,

HNUMEER § MARCH 1. 1958

Absence of Diffusion in Certain Random Lattices

P. W. AxpErson
Hall Telepilione Laboratories, Wareay T, New Tersey

(Recelved Oetoler 10, 1957)

This paper presents n simple mpde] for such processes ns spin diffuston or conduction in the “lmpurlty
band.' These processes invelve transport in a kattice which is in some sense random, and in them diTusion
is expected to take place vin quantum jumps between localized sites, In this simple model the essential
mndomness is introduced by requiring the energy to vary randomly from site to site. It is shown that at low
enough densities ne diffusion at all can take place, and the criteria for transport to oocur are given,

I INTRODUCTION

NUMBER of physical phenomena seem to involve

gquantum-mechanical motion, without any par-
ticular thermal activation, among sites at which the
mobile entities (spins or electrons, for example} may be
localized. The clearest case is that of spin diffusion®®:
another might be the go-called impurity band condu -
tion at low concentrations of impurities. In such
situations we suspect that transport occurs not by
motion of free carriers (or spin wawves), scattered as
they move through a medium, but in some sense by
quantum-mechanical jumps of the mobile entities from
site to site. A second common feature of these phe-
nomena is randomness ; random spacings of impurities,
random interactions with the “atmosphere™ of other
impurities, random arrangements of electronic or
nuclear spins, etc,

Our eventual purpose in this work will be to lay the
foundation for a quantum-mechanical theory of trans-
port problems of this type. Therefore, we must start
with simple theoretical models rather than with the
complicated experimental situations on spin diffusion
of impurity conduction, In this paper, in fact, we
attempl only to construct, for such a system, the
gimplest model we can think of which still has some
expectation of representing & real physical situation

! M. Bloembergen, Physica 15, 386 {1949),
T A, M. Portis, Phys, Fev, 104, 584 {1256).

reasonably well, and to prove a theorem about the
maodel. The theorem is that at sufficiently low densities,
transport does not take place; the exact wave functions
are localized in a small raaion of snace. We also obtain
a fair’ good estimate of the critical density at w&ich the
cheorem fails. An additional criterion is that the forces
be of sufficiently short range—actually, falling off as
¢ = oo faster than 1/F—and we derive a rough estimate
of the rate of transport in the Ve 17 case.

Suweh a theorem is of interest for a number of reas.s:
first, because [oometr avmle divsctle o oogn diffusion
among donor electrons in 5i, a situation in which Feher?
has shown experimentally that spin diffusion is neg-
ligible; second, and probably more important, as an
example of a real physical system with an infinite
numhber of de of freedom, having no obvious
oversimplification, in which the approach to equilibrium
is simply impossible; and third, as the irreducible
minimum from which a theory of this kind of transport,
if it exists, must start. In particular, it re-emphasizes
the caution with which we must treat ideas such as
“the thermodynamic system of spin interactions"” when
there is no obvious contact with a real external heat
bath,

The simplified theoretical model we use is meant to
represent reasonably well one kind of experimental
gituation: namely, spin diffusion under conditions of

* . Feher (private communication).



‘The’ Anderson lattice Model

3D Anderson model on N x N x N lattice
on site disorder E; (width W) + Hopping/tunneling (€2)

‘diagonal’ ‘off-diagonal’

N
Ho =) E;li)(l+Q ) (13l + 1) ()
3=1

(1.7)

E; € [[\W/2, W/2]

W=0 : Bloch bands : extended states

Anderson transition in 3 D : all states are localized for W/Q > 16.5

W — oo : ‘trivial’ limit: states localized on single sites



Anderson Localization in 1,2 and 3D

@ Scaling theory of localization :

g =G/ (e¥h) : dimensionless conductance

Abrahams et al., PRL 42, 673 (1979) 5= N9 3D metallic
4 0InL g>>1
1D
: 2D
all states >
op - | are localized o ing
. insulati
g<<l1 ’ 1D
_ metal (g>>1)
3D : threshold for disorder N
g~e
Scaling theory of localization: ding = f(g) olng ~Ing g >>1: metal
dln L | olnL g << 1:insulator

Insulator: gaxe™ = f(g)xlng

Metal: Ohm's law g [T = f(g)=d -2

3D

: Quantum Phase Transition



Anderson Localization of non interacting waves in 1,2 and 3D

@ Scaling theory of localization :  Abrahams et al., PRL 42, 673 (1979)

In 3D : threshold for disorder
In 1D&2D : all states are localized (in infinite system, € disorder)

Return probability needed for interference

@ No microscopic theory
self consistent theory of localization P. Wolfle, D. Vollhardt,
] ] ) Int. J. Mod. Phys. B 24, 1526 (2010)
numerical simulations of toy systems

@ Many, many tools for data anaylsis

eigenvalue statistics wfmmE b
partition ratio N
finite size scaling TR T et s

critical exponents : universality classes
multifractal behavior ,,,,



Anderson Localization in 1D
@ Cold Atoms : Kicked Rotator

F. Moore et al., PRL 73, 2974 (1994)

@ Quasi 1D : microwave experiments : ——
(A. Genack, enhanced fluctuations) o

M. Stoytchev et al., PRL 79, 309 (1997)
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@ 1D : Bose Einstein Condensate :
(looking at localized states)

J. Billy et al. , Nature 453, 891(2008)
G. Roati et al., Nature 453, 895 (2008)




Anderson Localization in 2D

@ 2D : microwave cavity

(a) Movable top plate analyser

Microwave

Dielectric

D. Laurent et al., Phys. Rev. Lett. 99, 253902 (2007)

T. Schwartz et al., Nature 446, 52 (2007)



Anderson Localization in 3D :

phase transition = strong scattering required

Acoustics

H.Hu et al., Nature 2008

4

Cold Atoms
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J.Chabé et al., PRL 2008
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Connected network
of beads

Modulated
1D kicked rotor
= 3D analogue

Matter \Waves
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F. Jendrzejewski et al.,
Nat. Phys. 2012 7

n(y,0,t)

Matter Wave
In 3D speckle field



Anderson Localization of Light in 3D :

phase transition = strong scattering required

Semi-conductor powder White Paint
0.01+ - -
- = T — — C 3
= = '
5 ] "“1-,\._ 3 1E-3 -
l.."% 102 ﬁi\i’ 3 —
S 7 e R R
c 10-3] * Y D 1E4-
e - 3 ] =
o __,1|——"Iocalization fit: 7~1/L2 | E
£ 1074 | ___ classical diffusion fit = 1E.54
2 ] with absorption 3
o K —
~ 108 : e N =
10 100 1E-6 ; . . T - . -
Sample thickness, L (um) 0 5 10 15 20
time (ns)

D.Wiersma et al., Nature 1997 7 C.Aegerter et al., EPL 2006 7

F. Scheffold et al., Nature 398, 206(1999) F. Scheffold et al., Nat. Photon. 7, 934 (2013)
T. v. der Beek etal., PRB 85 115401 (2012) T Sperling et al., New J. Phys. 18, 013039 (2016)

=> Not observed so far




Multiple Scattering of Light in Atomic samples :
Disorder vs cooperative effects

Anderson e S[,)tictke
cls50 ates
Localization Multiple\
_ Scattering
‘Local” “Global”

Interferences



Mesoscopic regime :
Interferences alter diffusion process

GOAL : Observation of disorder induced
guantum phase transition

mean free path : €

scat

Strong
Localization



Theory : Effective Hamiltonian
In the single excitation manyfold

Rl Rl .
L

L%]

Diagonal : Off diagonal :

On site energy transport
. 3 [ COS A,’(,)‘I",',‘ (('()S /w,‘()‘l‘,',' sin A'()I',‘,’)]

i Bi; = = |—1 =+ =+ ;

‘/I} — ,O)ZJ — 1’\/1] / 2 |l ¥ kori; < (ko )? — (Rors )2

- B 3 —I)Sill /{()‘7",’]' q <Sill A‘f()l",‘j COS A’"()I"‘,'J' >]
Ry — 5 3 o - k - 3 L T 2
Open System L NS (orss) foTis)

Reminiscent of Anderson Hamiltonian
Heisenberg model with global coupling
Long range hopping

No decoherence (coupling to phonons, ...)



Photon Escape Rate Distribution

Assume 1 initial excitation,
but unknown on which atom (or superposition of atoms)

- AL :
Hegy (“"U ?—)Z;Z&:h pr—T _FDZZ“}’ gac: G|S p SL‘HK“}
}11-1 1,7=1 aa’
ER )i
_'nl;r
S = Jei)gil 2~ 3o (rig))u; = T4, u;

11(0) x (37 2010, 1) ) o IM(Hegy)
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Photon Escape Rate Distribution
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Photon Escape Rates :
single parameter scaling

Cla,W)=1-2 / T ar p@)  Ameasure of long lived photons
I

. m kI0.1
0,5 e k0.2
0,80 / calar case : R 4 kl03
075 4 —=—KkI=0.1 g, g u " v Kki05
o] [ / —e—kI=0.2 J‘,,dr".‘f' ki1
0es] f 4 —a—kI=03 = <4 K15
0,60 ] J / —v—kl=05 p KI2

] > ® K25
o] ';1 > F 4 * Kb

f—{gig: 7 . . ¥ 4 ® K10
s ¥ L Single parameter scaling - | " Ko

0,35 1 -~ ko 5scal
0,30 / b = N/N * Kiscal
0,25 " ",/ O J_ E ki2scal
0.20-: . e R I kl10scal
0,15 ¥ PO e
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cooperative effects dominate over disorder !
no phase transition observed with P(I')

Dicke > Anderson

Mayor iIssue : how to measure this quantity?

Scalar model : E. Akkermans et al., PRL, 101, 103602 (2008)

Vectorial model : L. Bellando et al., arxiv 1906.06966



Eigenvalues of H

Cloud of Atoms = Large ‘Molecule’ (with 10%° atoms)

. ¢ ,
. ‘dilute’ molecule dense’ molecule

)
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molecular spectrum? N AN |

SHENG LI AND ERIC J. HELLER PHYSICAL REVIEW A 67, 032712 (2003)

proximity resonances
doorway states
giant oscillator strength
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2,0
1,84
1,64
1,4
1,2
1,0
0,8-
0,61
0,4
0,2
0,01

Eigenvalues for N=2 coupled dipoles
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Eigenvalues for N coupled dipoles

Important near field terms for high densities

scalar
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Eigenvalues of H




Eigenvalues for N coupled dipoles

ki=0.1
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Resonance Overlap (« Thouless »)

9= <<1/r>1<AE>>
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L_evel repulsion vs Level Width

Resonance overlap (I'/AE)in superradiant transition and

Anderson transitio
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Resonance Overlap (« Thouless »)

Scaling function B(g)

g : dimansioniassconductance
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Similar surprise in 2D : No localisation for vectorial light !

~(0) N
=1
= =, Spatially localized mode

(scalar case)

Spatially extended mode  45*" |
; (Ve>(/:torial case) U = a0 LS [Hotkrio™" -+ 2 Hyllr)of™]
I#]

C. Maximo et al., Phys. Rev. A 92, 062702 (2015).



(]

Mode profiles

10

Spatially localized mode,
(scalar case) .

=~ |Spatially extended
mode
(vectorial case)

o~ pfjffj

Mode width NOT correlated to localisation length :
temporal vs spatial localisation




Single Polarisation channel in 2D :
microwave experiments allow to measure eigenvectors

Dielectric

resonators l ‘ ‘ = I Bottom
' ‘ . __plate

6 8 10 12 14 16 18 20 22
2R (cm)

Scanning perturbation :
Measure of local field

[learc = exp(—2R/ &)

D. Laurent et al., Phys. Rev. Lett. 99, 253902 (2007)



No Anderson Localization
for Vectorial Light in 3D |

NOT captured by general scaling Ansatz by the gang of four
nor by self-consistent theory of localization !

Universal theory does not care about details
But details can matter !



2 solutions proposed since 2014 :

1) Magnetic field assisted Anderson localization
Dense sample + magnetic field :
partial suppression of near field dipole dipole interactions

100f

"N = 8000 ]| [

g ) 1000
( 2000
[ Tty .. VR | SRR ——— - et s N
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—/ - |
0.1 (‘1) . . . . . i (h) . . 2 z 0 Inzg i i (C) . . . . .
0.1 02 05 1.0 20 0.1 0.2 05 1.0 20 0.1 0.2 05 1.0 2.0
kofo kOQO ROEO

S. Skipetrov, 1. Sokolov, PRL 114, 053902 (2015)



2 solutions proposed since 2014 :

2)  Diagonal disorder in dilute samples

A warning for what to expect :
« Against main stream credo that high spatial densities are required !

« Change the analysing criteria :
(inverse) partition ratio to see how many atoms are involved in one state

PRfor0.01<I'<1



Combining Anderson and Dicke
Toy Model : Open Disordered System:

3D Anderson model on 10 x10 x10 lattice
hopping (©2) + on site disorder (W)

N
Ho =) E;|i)(l+ Q) (I3l + i)
1=1

{1.7)

Anderson transition in 3 D : all states are localized for W/QQ > 16.5



Combining Anderson and Dicke
Toy Model : Open Disordered System:

3D Anderson model on 10 x10 x10 lattice
hopping (€©2) + on site disorder (W) + opening (y)

Ho = Zﬁ41n+ﬂ§jb>w+

uum-—<Ho-——§:af4f::um z—QU

All sites coupled to one single decay channel : Q;=1
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Toy Model : Anderson lattice model +
coupling to one open mode

Dicke
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A.Biella, et al., EPL, 103, 57009 (2013)
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Apply this idea to the coupled dipole model

N . o
0y [\ /- 0
H = E (E¢—1§)|3> M‘i‘? E VLJ‘E) <3"‘
i=1 1£]
Hﬁj _ exp(iko-Tij)

ko Tij
Diagonal disorder : random light shifts : E; € [-W/2, W/2]
+ remain in the dilute limit : pA3<5 < p A3 =24

PR = <1/z |<;~:1,,;)4>



Scaling law for partition ratio

PR=(1/ 3 |GR)*
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Mobility edge along the imaginary axis
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Longer lifetimes need less disorder to get localized



Critical disorder

EI | [ | | [ | [ [ IE
O pr'=2 _4
03f = P Noas
C p)LZS -
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« Scaling law : W, /by oc T oge

 All states get localized in the infinite W limit

(same trivial limit as in the Anderson lattice model)

« How to connect to kl=1?

(same question for the Anderson lattice model)



How to detect Anderson localisation of light ?

No insulating behaviour from (time resolved) average transport ? ®
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Macroscopic observables of Anderson localisation

Critical behavior at the phase transition :
Enhanced fluctuations at the phase transition

Noise is the signal © :
Intensity correlations : g(2)(t)




Microscopic (ab initio) model of observables of Anderson localisation
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g : conductance
= number of open transport channels



Variance of scattered intensity
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Scalar Model Vectorial Model



|_ectures not given ©
Correlation functions : gt, g2, g®?
Collective shifts (atomic clocks)

Collective Forces

Quantum optics : beyond single excitation
Non linear propagation = quantum fluids of light

From cold atom to astrophysics
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