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Lecture 1 : Multiple Scattering of Light in Cold Atoms

Steady State Results : Ohm’s Law for Photons
Time dependent scattering : radiation trapping
+ Numerical Random Walk Simulations

Lecture 2 : Interference Effects in Light Scattering by Cold Atoms 

Coherent Backscattering of Light by Cold Atoms
+Numerical Simulations with Weak Localization Corrections
Dicke Super- and Subradiance
+Numerical Simulations with Coupled Dipoles

Lecture 3 : Anderson Localisation of Light

Anderson Lattice Model
Effective Hamiltonian Approach
Scalar vs vectorial light : red light for Anderson localization
Outlook : towards localization of light in cold atoms

Link to Mathlab codes : 
http://www.kaiserlux.de/coldatoms/LesHouches2019Kaiser.html



Lecture 3 : Anderson Localisation of light

3.1 Anderson Localisation
3.2 Effective Hamiltonian Model
3.3 Scalar vs vectorial light : red light for Anderson localization
3.4 Routes towards Anderson localisation





‘The’ Anderson lattice Model

3D Anderson model on N x N x N lattice
on site disorder Ej (width W) + Hopping/tunneling (W)  

W
W

W=0 : Bloch bands : extended states

Anderson transition in 3 D : all states are localized for W/W > 16.5

‘diagonal’          ‘off-diagonal’

Ej  [-W/2, W/2]

W  ∞ : ‘trivial’ limit: states localized on single sites



Anderson Localization in 1,2 and 3D

Scaling theory of localization :

1D : 

2D :

3D : threshold for disorder

all states 

are localized

3D : Quantum Phase Transition 
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Abrahams et al., PRL 42, 673 (1979)

g >> 1 : metal

g << 1 : insulator



Anderson Localization of non interacting waves in 1,2 and 3D

Scaling theory of localization :

In 3D : threshold for disorder

In 1D&2D : all states are localized  (in infinite system, e disorder)

Return probability needed for interference

Abrahams et al., PRL 42, 673 (1979)

No microscopic theory 

self consistent theory of localization  

numerical simulations of toy systems

P. Wölfle, D. Vollhardt,

Int. J. Mod. Phys. B 24, 1526 (2010)

Many, many tools for data anaylsis

eigenvalue statistics

partition ratio

finite size scaling 

critical exponents : universality classes

multifractal behavior ,,,,



Anderson Localization in 1D

Quasi 1D : microwave experiments  :

(A. Genack, enhanced fluctuations)

J. Billy et al. , Nature 453, 891(2008)

G. Roati et al., Nature 453, 895 (2008)  

1D : Bose Einstein Condensate :

(looking at localized states)

M. Stoytchev et al., PRL 79, 309 (1997)

Cold Atoms : Kicked Rotator

F. Moore et al., PRL 73, 2974 (1994)



Anderson Localization in 2D

2D : microwave cavity

T. Schwartz et al., Nature 446, 52 (2007)

Transport through 2D Photonic Crystals

D. Laurent et al., Phys. Rev. Lett.  99, 253902 (2007)



Anderson Localization in 3D : 
phase transition  strong scattering required

F. Jendrzejewski et al., 

Nat. Phys. 2012

Matter WavesAcoustics Cold Atoms

H.Hu et al., Nature 2008 J.Chabé et al., PRL 2008

Connected network 

of beads

Modulated

1D kicked rotor 

= 3D analogue

Matter Wave

in 3D speckle field



D.Wiersma et al., Nature 1997

Semi-conductor powder

C.Aegerter et al., EPL 2006

White Paint

Anderson Localization of Light in 3D : 
phase transition  strong scattering required

F. Scheffold et al., Nat. Photon. 7, 934 (2013)

T Sperling et al., New J. Phys. 18, 013039 (2016)

F. Scheffold et al., Nature 398, 206(1999)

T. v. der Beek et al., PRB 85 115401 (2012)

=> Not observed so far 



Dicke 
States

Multiple Scattering of Light in Atomic samples : 
Disorder vs cooperative effects 

Multiple
Scattering

Interferences

Anderson 
Localization

“Local” “Global”



lscat

Lcoherencel

mean free path : lscat

Strong

Localization
Random 

walk

Weak

Localization

Mesoscopic regime :

Interferences alter diffusion process :

GOAL : Observation of disorder induced 

quantum phase  transition

+ subradiance



Theory : Effective Hamiltonian

in the single excitation manyfold

Off diagonal :
transport

Diagonal :
On site energy

• Open System 
• Reminiscent of Anderson Hamiltonian
• Heisenberg model with global coupling
• Long range hopping
• No decoherence (coupling to phonons, …)



Photon Escape Rate Distribution

 Im(Heff)

Assume 1 initial excitation, 
but unknown on which atom (or superposition of atoms)



Photon Escape Rate Distribution

a=L/l

W=1/kl

Pinheiro et al., Phys. Rev. E 69, 026605 (2004) E. Akkermans et al., PRL, 101, 103602 (2008) 



Photon Escape Rates : 
single parameter scaling

Scalar model : E. Akkermans et al., PRL, 101, 103602 (2008) 

cooperative effects dominate over disorder !
no phase transition observed with P(G)

Dicke > Anderson

A measure of long lived photons

Vectorial model : L. Bellando et al., arxiv 1906.06966

Single parameter scaling
b0 = N/N

Mayor issue : how to measure this quantity? 



Eigenvalues of Heff

Cloud of Atoms = Large ‘Molecule’ (with 1010 atoms)

‘dilute’ molecule ‘dense’ molecule 

molecular spectrum ?

proximity resonances
doorway states
giant oscillator strength



Eigenvalues for N=2 coupled dipoles



Eigenvalues for N coupled dipoles

Important near field terms for high densities



Eigenvalues of Heff



eikr ( 1/kr + 1/kr2 + 1/kr3)

eikr/kr

Eigenvalues for N coupled dipoles

Resonance Overlap (« Thouless »)
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Level repulsion vs Level Width
Resonance overlap (G/DE)in superradiant transition and 
Anderson transition (Thouless criterion)

g = <G> / <DE>

g = 1 / <1/G><DE>



Resonance Overlap (« Thouless »)

Scaling function b(g)

No phase 

transition

Phase transition

S. Skipetrov, I. Sokolov, PRL 112, 023905 (2014)

Bellando et al,. Phys. Rev. A 90, 063822 (2014)



Spatially localized mode

(scalar case)

Spatially extended mode

(vectorial case)

Similar surprise in 2D : No localisation for vectorial light ! 

C. Maximo et al., Phys. Rev. A 92, 062702 (2015).



Mode profiles

Spatially extended

mode

(vectorial case)

Spatially localized mode

(scalar case)

Mode width NOT correlated to localisation length :

temporal vs spatial localisation



D. Laurent et al., Phys. Rev. Lett.  99, 253902 (2007)

Scanning perturbation :

Measure of local field

Single Polarisation channel in 2D : 

microwave experiments allow to measure eigenvectors



No Anderson Localization
for Vectorial Light in 3D !

NOT captured by general scaling Ansatz by the gang of four
nor by self-consistent theory of localization ! 

Universal theory does not care about details
But details can matter !



2 solutions proposed since 2014 :

1) Magnetic field assisted Anderson localization
Dense sample + magnetic field : 
partial suppression of near field dipole dipole interactions

S. Skipetrov, I. Sokolov, PRL 114, 053902 (2015)



2 solutions proposed since 2014 :

A warning for what to expect : 

• Against main stream credo that high spatial densities are required !

• Change the analysing criteria : 

(inverse) partition ratio to see how many atoms are involved in one state

PR for 0.01 < G < 1

2)      Diagonal disorder in dilute samples



Combining Anderson and Dicke

Toy Model : Open Disordered System:

3D Anderson model on 10 x10 x10 lattice
hopping (W)  +  on site disorder (W) 

W
W

Anderson transition in 3 D : all states are localized for W/W > 16.5



Combining Anderson and Dicke

Toy Model : Open Disordered System:

3D Anderson model on 10 x10 x10 lattice
hopping (W)  +  on site disorder (W) +  opening (g)

All sites coupled to one single decay channel : Qij=1

g

W
W



Hybrid Subradiant States 

« decoupled » from outside world

A.Biella, et al., EPL, 103, 57009 (2013)

Toy Model : Anderson lattice model + 

coupling to one open mode

Fast

Slow



Apply this idea to the coupled dipole model

Diagonal disorder : random light shifts :  Ej  [-W/2, W/2]

+ remain in the dilute limit : rl3< 5 < rcrl
3 = 24



Scaling law for partition ratio 

W0=0

W0=0.6 G b0



Mobility edge along the imaginary axis

Longer lifetimes need less disorder to get localized



• Scaling law : Wcr / b0  Gmode

• All states get localized in the infinite W limit

(same trivial limit as in the Anderson lattice model)

• How to connect to kl=1? 

(same question for the Anderson lattice model)

Critical disorder



How to detect Anderson localisation of light ?

No insulating behaviour from (time resolved) average transport ?  

Localized states have extended (cooperative) tails



Macroscopic observables of Anderson localisation

Critical behavior at the phase transition : 
Enhanced fluctuations at the phase transition

Noise is the signal  : 
intensity correlations : g(2)(t)



g : conductance 

= number of open transport channels

Microscopic (ab initio) model of observables of Anderson localisation

M. v. Rossum, T. Nieuwenhuizen, Rev. Mod. Phys. 71, 313 (1999)



Variance of scattered intensity

B = 0

Vectorial Model
Scalar Model

B =103 G/m

B =103 G/m B =103 G/m



Lectures not given 

Correlation functions : g1, g2, g3/2

Collective shifts (atomic clocks)

Collective Forces 

Quantum optics : beyond single excitation

Non linear propagation = quantum fluids of light

From cold atom to astrophysics 
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