Lectures on quantum gases

Lecture 2

Elastic Collision Phenomena in Quantum Gases
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University of Amsterdam
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Relative motion of interacting particles |

We defined what we mean by ultracold — characteristic lengths
Short-range interactions - collisional regimes

Separation into CM and REL coordinates

We derived the radial wave equation

We defined the s-wave regime

We identified the phase shift as the central quantity of interest
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free particle motion for =0

I(1+1)
7«2

v [k U — ] o =0

=0 and U(r)=0
l
Xo + k*xo =0

General solution: [Ro(?“) — Xo(7) = cg sin (k7 + o) J

r kr

regular only for 75 =0

l

Conclusion: free particle — no phase shift

i

sin (kr)

kr

RQ(T) = Cp = Cojo(k?")
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RWE for short-range potentials

For U(r) # 0 the radial waves are distorted

9 [(1+1)
R R k2 o _ R =0
\Li l + , [ + [ m r2 ] ¢
T2 To Spherical Bessel differential equation
o= kr (free particles)
| Rg’+éﬂg+lll(ltl)}fi;0
0 o
General solution: Ri(0) = Aigi(o) + Bin
. 1(0) + 1J1(0) (o) (A}, B} = {c1, m}
— (] COS
l [ COS T ‘ n; = arctan By /A,

Bl — (] Sin M

General solution: R;(p) = ¢; [cosn j1(0) + sinn ny(o)]

Ri(k,r) =~ a sin(kr 4+ 1, — )

r—oo KT

In the far field the distortion is gone but a phase shift remains
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full solution

77/)lm (I‘) — Clle(ka T)lem (99 ¢)

oo m=lI

) =Y Y B(kr)Y(0,0)

[=0 m=—1

Example: plane wave in free space

Ri(k, ) — g1 (kr) k

m 1\ 2041 (l o TT?,)! m imao
Y0, ) = (—=1)" \/ T UTm) P/ (cos@)e™*

eth* — Z(Ql + 1)i'5;(kr) Py (cos 0)
=0

|
Cl
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scattering

k|-

scattering amplitude

_ /eikr
(0 :win+¢scrg ezkz +f(9)

— 00 r
o= 3@+ Vil Rk ) Pleost) e = 3720+ 1)ili(kr) Py(cos 0)
=0 [=0
Y — Vi = e =y (204 1)i'Qu(k, 1) Pi(cos 0)
[=0 1

Ql(k, T‘) — ClRl(k, T‘) — jl(lﬂ")

9-10-2019 Les Houches 2019 6



scattered wavefunction

0

Y — i = e = (20 + 1)i'Qu(k, ) Pi(cos 0)

[=0 1

Qu(k,r) = cRi(k,r) — Ji(kr)
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scattered wavefunction

) — Pin = 1pse = Y (21 + 1)i'Qi(k,r) P(cos )
=0 1
Qi(k,r) = li(k,r) — 51(kr)—
1 1 1
—Qi(k,r) ~ — [cl sin(kr +mn; — §lﬂ') — sin(kr — §l7r)
r—oo KT
Loy ik 1 —ikr —i 1 ik 1 —ik

~ _ e e e —teT e T ey — T e L gteT T

r—oo 21KkT [ : l }

sinx = , e
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scattered wavefunction
create outgoing partial wave: rcl — '

1

L Ql(k; 7“) ~ (i—lezkzrelmcl . ile—zkre—@mcl . i—lezkr 4+ ZZE)—HCT)
r—oo 20kr
| : o 01 /

~ [ (ezkrehm o i tkr ’L]{T’I‘ Iy l ?,k;’r’)

r—oo 21k
€ikr .

~ ! (62“7& — l)

r—oo 20kT

. l

Yoo = Y (204 1)i'Qi(k,r)Pi(cos 0)

=0
Jikr > 1 N
Ve = . ;(2! + l)ﬂ (62“75 — 1) P(cos 0)
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scattered wavefunction

V(r0) e f(O)

T—0C0

>4

Y
. = eikr i(m + 1)L (e*"™ — 1) P(cos 0)
i r 21k
=0 _
=) (20+ 1) fiPi(cos6)
=0 /
~ I
F0)=> (2 +1)f Ji= (2™ —1)
=0 20k
forward scattering amplitude partial-wave scattering amplitude
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partial wave scattering amplitude

-~

/i

o

1 g

= ﬂ(e2 1)

— ke sin,
1

~ kcotn — ik

~

(a)
(b)

©)

= (Sin 77 cosn; + i sin” m) (d)

/

Les Houches 2019

11



Y = Yip + Vse . ~ elhe T f(é’)

—00 r Jin

Current density incident wave:

1h vh hk.

jin — 2” (U)@nvw;kn o w;knvwzn) — Zﬂ(_QZk) — T = Vz
Current density scattered wave ) )
. ih P SO ik, |f(0)]
Jsc = ﬂ (wscvwsc _ wscvwsc) — 2 0 — 2 Vi
Current scattered through surface dS (into solid angle d€2):
i (). dS = 2 dls. (0, ¢ .-
dlse = F 4. (7) d? = olf(OFd2 559 4y = L5 ‘_( @) _ F(0)) dS
dS = tr2ds)
do (Qa (b) 2
T F(
[ = |1(0)]
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Cross sections

Partial cross section:

[ do (0,¢) = | f(0)| d h— do(0) = 2 sin Q)f(ﬁ)ﬁ do

d) = sin 0dOdo F(0) = Z(Ql + 1) [1 P (cos 0)

=0 T

(b) — /1 = —f”h sin 1),
I .
dor(0) = ]; S7 20+ 120 + Dm0 sing, sing, Pr(cos 0) Py (cos 0) sin 0d0
1,1'=0
/[) 7 (cos 6)] 81119(19—7_ _ Z2l+ ‘mz Zgl
- =0

Total cross section:
7T > .
[02/ 21 sin 6 |f(6)]° dQ :_ZZ 20 + 1) sin® }
0 [=0
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Identical particles
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Identical particles

Bosons: symmetric under exchange

Fermions: antisymmetric under exchange
oo = [[(0) % [(x = 0))™ /r

Y o= (€M emE) [[(0) £ (7~ 0)]e™ /r
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Identical particles

e @)

e'h* — Z(Ql + )i (kr) P (cos 0)
(=0

P 2(21 + 1)i'5;(kr) Py (— cos 0) }‘

= Rw = (-1'AW)
— e =N (20 + )i Gy (kr)(—1)' Py(cos 6)

V., = eth* L em Rz — 9 Z (20 + 1)i' 5, (kr) P(cos 0)
[— even

T odd

Conclusion: Bosons even partial waves; fermions odd partial waves
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quantum statistical properties of cross section

Bosons (even partial waves): s-wave scattering

8 : 8T .
0= 13 Z (2l + 1) sin®*ny — o = Z o *00:?51112770

[=even [=even

Fermions (odd partial waves): Nno s-wave scattering

8
:k%r Z(Ql+1)sin2m _’U:ZUI — o9 =0

l=o0dd l=odd

o
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Relative motion of interacting particles 1l

hard-sphere potential

Interaction range - I
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hard sphere potential for 1 =0
X0 + [k = U(r)] xo =0
T >T0 Xg—l—kQX():O

1
solution: Ro(r) = . sin(kr + n,)

r

| r boundary condition: p(a) = 0
o = a ‘

1 (1. _

hard sphere diameter Sln(ka, _"_ 770) =0
{Ao, Bo} — {co, mo} — {co, a} = Tlo — —ka
Ro(r) = — sinfk(r — a)
o(r) = = sin|k(r — a
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hard sphere potential for 1=0

o= I S —
T 1-alr (k—0)
=~ 05 T s
Q<c> k2 _ 02k k3 = Olk
0.0 F AN >f\_\ —
s y \<\ ,‘\\77\:-7
1 r 0 5 10"/"15 T 20 25
"o = a ria
hard sphere diameter
1 a
Ro(r) = —smk(r —a)] ~ 1——
(r) = —sin[k(r —a)] = 1—-
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flat-bottom potential

scattering length - a
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spherical square well for |=0and &> 0

2 .2 2
8 ‘ K‘i_:k —|_f"1;0
K?
_I_ ‘
A +k2_
o
{)’i
2

X6 + [ = U(r)] xo =0

r>rg Up(r)=0 X0+ E*xo =0
Xo = Asin(kr + 1)
Xo = kAcos(kr +n,)

r<ry U(r)=—r2 x§+Kixg=0

Xo = A’ sin(K .r +j/0/)
Xo = KA cos(Kyr)

boundary condition: X,(7) and X5(7) continuous atr = rg

<7 r >

XG/XO|T:TO = K‘l‘ cot K_|_’T'() — kCOt(kTO —|_ 770)

k

k

tan(krg +ny) =

9-10-2019

K4 cot Kyrg

- [19(k) = —kro + arctan

K—l‘ col [(_|_ o
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s-wave scattering length a

g K2 = k* + K§ k
, " k) = —kr :
: — o + arctan
K2 To(#) K+ cot K rg

+k*—
Ay Remember the hard sphere result:

1 = —hka

[]() —Iﬁl%
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s-wave scattering length a

E Ki — k% 4 fﬂ% k
; k) = —krg + arctan
Ki 2 o () ! K. cot Kirg
_|_ * [
‘ ro Introduce effective hard sphere diameter a(k)
r no(k') — —ka(k’) We changed parameters:
{Ao, Bo} = {A, o} = {A, a}
1 k
[ 2 a(k) = ro — — arctan
0 0 k K4 cot Kirg
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Define scattering length:

T0

k—0

a= lima(k) = — hm no(k)/k

Ki—}t —1‘.&0 _>K—{—‘}HJ[_]

k—0

a =Ty —

KoTo COt KoTo

Define well parameter: v = Koo — |Q

— = |Kg Ccot Kgrg =

|

ro — @

=79 (1 — tan~y/7)
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s-wave scattering length a
/ well parameter

a=ry(l—tany/vy)| 7= Koro

10

I
£
= L 4
s sk ]
£0 L ] i
= L : ‘ : . i
- i : L \ _
b5 ; : : \
N U U
2] : ' : . : ‘
2 sl | 3 ‘ 2 2
s Or | |
Tl 1
“ L 3 :
_10 i L r 1 | 1 3 L | 1 I | L E 1
0 1 3 4

72/ 0 [

v
What happens at v = 5 +nm ? ]
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Where do we stand?

We identified the phase shift as the central quantity for scattering

We determined the scattering amplitude (4 expressions for f))
We derived the differential and total cross sections

We identified the role of quantum statistics

We studied the phase shift for hard spheres

We studied the phase shift for spherical square wells

We defined the scattering length

We studied its dependence on the well parameter
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